The low temperature regime of non-Abelian two dimensional ferromagnets is investigated. The method involves mapping such models into certain site-bond percolation processes and using ergodicity in a novel fashion. It is concluded that all ferromagnets possessing a continuous symmetry (Abelian or not) exhibit algebraic decay of correlations at sufficiently low tempera- 
In a recent letter [1] Seiler and I proposed studying the phase structure of the 2D O(N ) models by mapping them into a correlated site-bond percolation problem. This approach was applied to certain discrete spin modes and to the O(2) model, for which we rederived the Froehlich and Spencer [2] result regarding the existence of a massless phase at sufficiently low temperatures 1/β. In this paper I report an extension of the percolation approach to O(N ) N ≥ 3. It leads to the conclusion that a massless phase exists in all O(N ) models.
For completeness I will repeat the main points of Ref. [1] (see also Ref. [3] for a more complete discussion). With any O(N ) spin configuration one can associate an Ising spin configuration by dividing the sphere S(N − 1) into two hemispheres and introducing an Ising variable σ = ±1, which specifies in which hemisphere the spin points. In this manner the standard nearest neighbor action (s.n.n.a.) for the O(N ) model allows rewriting the partition function as
Here u is the unit vector chosen for specifying the hemispherical decomposition, s = | s · u| and s p · u = 0. With respect to the Ising variables the action is ferromagnetic, hence amenable to the Fortuin-Kasteleyn transformation [4] . This procedure associates to the Ising problem a correlated site-bond percolation process defined as follows:
FK1-identify clusters of like-σ spins (H-clusters)
FK2-within each H-cluster occupy bonds randomly with probability 1 − exp(−2β ij ) (obtain FK-cluster)
FK3-assign to every site within a given FK-cluster the same σ value, obtained by choosing randomly + or -with probability 1/2.
Here β ij is the space dependent inverse temperature, which for the s.n.n.a. would be βs i s j . Fortuin and Kasteleyn proved that the mean FK-cluster size (expected size of the cluster attached to the origin) equals the magnetic susceptibility of the Ising variable
In particular the latter diverges when the mean FK-cluster size diverges.
To apply the F-K procedure to the O(N ) models, Seiler and I considered a modified model called 'cut' action: the Gibbs factor is s.n.n.a. only if | s i − s j | < ǫ, 0 < ǫ < 2 and 0 otherwise. We then formulated the following three conjectures:
C1: The Mermin-Wagner theorem applies to the 'cut' model.
C2:
The O(N ) models ('cut' or not) are ergodic.
C3: On a triangular lattice T a percolation process produced by a measure enjoying the symmetries of the lattice can contain at most one percolating cluster.
I refer the reader to Refs. [1] and [3] for a thorough discussion of the motivations behind these three conjectures and of the comparison of the 'cut' and the s.n.n.a. models. I will elaborate only on C2, which is central to the arguments presented in this paper. Imagine a very large lattice on which one has used the Monte Carlo procedure to simulate the O(N ) model. If one has achieved thermalization, then this configuration is 'typical.' In the infinite volume limit a typical configuration has two important properties:
P1: spacial averages equal ensemble averages (Birkoff's theorem) P2: the configuration is (statistically) invariant under additional Monte Carlo steps.
I will briefly sketch the argument used in Ref. [1] to prove that the 'cut' O(2) model must exhibit algebraic decay of its correlation functions for ǫ sufficiently small. In Eq. (2) let · stand for expectation value measured with the full Gibbs measure. By P1 and P2, χ Is can be computed as a quenched expectation value provided the spins s i|| are assigned the values of a typical configuration. Since the Gibbs measure is invariant under lattice translations and (discrete) rotations, by C1 and C3 a typical configuration cannot contain a percolating H-cluster. An interesting theorem by Russo [5] states that if a translational invariant percolation process on a T lattice is such that neither clusters of the set E nor of its complementĒ percolate, then the mean cluster size of both E andĒ must diverge.
Taking E to stand for σ = +1 andĒ for σ = −1 shows that the mean size of the H-clusters (2) is that in that case the setD consists also of two disconnected pieces, which, for
,D is a connected set and a new strategy must be employed. In the sequel I will state three independent arguments, that in the 'cut' O(N ) modelD-clusters cannot percolate for ǫ sufficiently small or β sufficiently large. Each argument requires a new conjecture and I will address their merits too.
Argument 1
This is a proof by contradiction. For simplicity I will discuss the s.n.n.a. O (3) model (ǫ = 2) at β large and choose u =ẑ. I will take d small but independent of β -so that by FK2, when β is large,the bond occupation probability for sites in D goes to 1. I will assume that a cluster ofD percolates and show that that assumption suggests that a certain magnetic susceptibility (Eq. (4)) diverges. To that end I introduce spherical coordinates and rewrite the partition function as
Consider the following susceptibility
By P1 and P2 χ ϕ could be measured by quenching the θ variables to the valuesθ they would take in a typical configuration. That is
where · q means expectation value computed with the measure
Since the quenched model is an O(2) model (albeit with space dependent couplings), one can employ Ginibre's inequality [6] to bound χ ϕ from below by the value it would take if in the measure (6) one replaced β sin θ i sin θ j by 0 at all sites where √ β sin θ i < c for some c > 0. Under the assumption thatD percolates, by C3, these sites could not possibly percolate, but would form islands. The average size of these islands relative to the average distance between them would decrease with beta. Indeed by the Mermin-Wagner theorem, the probability of finding the spin at a site taking values in some subset of the sphere A of volume V (A) is equal to V (A)/4π. (For β large, one can use perturbation theory to estimate the average size of these islands, which becomes actually independent of β.)
Thus the assumption that the equatorial stripD percolates implies that χ ϕ is bounded from below by the susceptibility of an O(2) model at large inverse temperature, but on a lattice having some small, randomly distributed holes. Although I am not aware of any rigorous result proving that, the following conjecture seems eminently reasonable.
C4: Consider a T lattice and dilute bonds randomly with a probability smaller than the percolation probability for unoccupied bonds. Then there exists a β kt < ∞ such that for any β > β kt the susceptibility diverges.
Before motivating this conjecture, let me say that there is no reason to expect that if in the O(3) modelD percolated, the polar caps would be distributed as the holes produced by a Bernoulli process. Their actual distribution would be controlled by the full O(3) measure. However, ifD percolated and especially if the model had a mass gap, by some central limit theorem, one would expect the polar caps to form islands and their distribution to be random at distances much larger than the correlation length.
The intuition for C4 comes from the following rigorous results: a) Georgii [7] proved that if one randomly dilutes sites or bonds on a regular lattice with D ≥ 2, then provided a remaining cluster percolates, there exists an inverse temperature β c < ∞ such that for β > β c there exists long range order (l.r.o.).
b) De Massi et al. [8] , proved that under the same conditions as above, the Laplacian retains its continuous spectrum.
In the language of the Coulomb gas, my conjecture is that if one introduces in the gas perfect conductors, randomly distributed, if the perfectly conducting regions do not percolate, at sufficiently low temperatures, the Coulomb gas does not exhibit Debye screening (the introduction of the perfect conductors will only affect the dielectric constant).
To conclude this argument, the contradiction is this: if one assumes that for the O(3) modelD percolates and χ Is is finite, then clearly so is the s z -susceptibility (since is analyzed separately [10] and found wanting.) The arguments moreover suggest that although at large β extended topological defects -instantons -may exist in non-Abelian models, they are supressed entropically with respect to spin waves. This situation, already conjectured by the author in 1986 [11] , suggests that for
the 2-point function may behave as
I have no basis at the present time to estimate a(β) and b(β), nor whether η depends on β in any given model. However, it could be that a and b are such that at intermediate distances the decay is exponential to a very good approximation (a similar effect governs the time evolution of a metastable state in nonrelativistic quantum mechanics [12] ).
Finally a word about perturbation theory. The fact that the 2D O(N ) models possess a massless phase for β sufficiently large does not imply that in 2D perturbation theory fails to produce the correct asymptotic expansion at fixed distances (as it does in 1D for N ≥ 3). However if one defines the Callan-Symanzik β-function by requiring that say s(0) · s(x) / s(0) · s(y) is a renormalization group invariant for x, y ≫ 1, then clearly an algebraic decay for β > β kt (N ) implies that the Callan-Symanzik β-function could be chosen to be vanishing. If my conjecture about Eq. (7) proved to be correct, one could also define the β-function as dβ/dln(m), in which case one may find the famous asymptotic freedom answer. However I find it hard to believe that if that were the case, the continuum limit constructed by letting β → ∞ would not contain (coupled) massless excitations (of course a continuum limit could also be constructed for any ∞ > β > β kt (N ) -that field theory would be a massless theory).
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